Abstract. Using the p-adic uniformization of Shimura varieties we determine, for some of them, over which local fields they have rational points. Using this we show in some new curve cases that the jacobians are even in the sense of [PS].
P -adic uniformization of Shimura varieties
We will consider two types of Shimura varieties (cf. [De2] , [Va2] ): Case 1. Let B int /F be a quaternion division algebra, Let G int /F be the algebraic group associated to its multiplicative group, and let ν int : G int → G m be the F -morphism induced from the reduced norm from B int to F . Assume that B int ⊗ F,∞ i R is indefinite for 1 ≤ i ≤ r and definite for r + 1 ≤ i ≤ g, with r ≥ 1. Fix identifications of B ∞ i with Mat 2×2 (R) for 1 ≤ i ≤ r and with the Hamilton quaternions H for r + 1 ≤ i ≤ g. Then B ⊗ Q R ∼ = Mat 2×2 (R)
r × H g−r . Let h : Res C/R G m (R) → Res F/Q G int (R) be the Hodge type h(z) = (m(z), m(z), . . . , m(z), 1, 1, . . . , 1) ∈ GL 2 (R)
where for z = x + √ −1y ∈ C × = Res C/R G m (R) we set m(z) = Case 2. Here let K be a CM extension of F , let (x → x) : K → K be the conjugation over F , and let d ≥ 2 be an integer. Let D int be a division algebra, central and of dimension d 2 over K, with an involution of the second kind α int . Let G int = GU(D int , α int ) be the associated group of unitary similitudes and let ν int : G int → G m be the F -morphism induced from the factor of similitudes. Also let Nm int : G int → Res K/F G m be the morphism induced from the norm map from D int to K. Choose extensions ∞ 1 , . . . , ∞ g to embeddings, denoted by the same letter, ∞ i : K → C, and suppose that
h(z) = (m(z), . . . , m(z), 1, . . . , 1)
where m(z) = diag(1, . . . , 1, z/z) −1 . To handle cases 1 and 2 simultaneously, we formally set K = F and d = 2 in Case 1. In both cases, let K Gal be the Galois closure of ∞ 1 (K) in C, and let H be the subgroup of Gal(K Gal /Q) preserving the set {∞ 1 , . . . , ∞ r }. The reflex field is defined by E = K H Gal . Let X ∞ be the conjugacy class of h. Our identifications allow us to view X ∞ as (C R) r in the case d = 2, and as (B d−1 ) r in the case d ≥ 3, where B d−1 is the unit ball in C d−1 . For a compact open subgroup S ⊂ G f , the corresponding Shimura variety is given complex analytically by
where G int acts on the product X ∞ × (S\G int f ) by the rule (x, g)γ := (γ −1 (x), gγ). This variety is denoted by S M C (H, X ∞ ) in [De1] .
The complex manifold X int S has a canonical algebraization X int S to a complex projective variety. In fact each X int S admits a canonical model over the reflex field E and X int S 's form a projective system. The main result of [Va2] is that X int = lim ← S X int S admits a p-adic uniformization, under some conditions which we will now specify. Let v be a finite place of E of residue characteristic p and choose a primeṽ of K Gal above v. Fix an embedding of the completionK Gal,ṽ of K Gal into C. The embeddings ∞ 1 , . . . , ∞ r then induce places w 1 , . . . , w r of K above p. Moreover { w 1 , . . . , w r } depends only on v, because Gal(K Gal /E) preserves { ∞ 1 , . . . , ∞ r }, and E v is the compositum of K w 1 , . . . , K wr in K Gal,ṽ as in [Va2, Lemma 2.6] . Let v i be the restriction of w i to F . Then X int v = X int ⊗ E E v has a p-adic uniformization ([Va2, Theorems 5.3 We shall now describe a special case of the result more precisely. This requires more notation.
In Case 1, let B be a quaternion algebra over F split at v 1 , . . . , v r ; ramified at all infinite places; and with a fixed isomorphism
Let G be the algebraic group over F corresponding to B × , and let ν : G → G m be the F -morphism induced from the reduced norm from B to F . Set G = G ′ = G v 1 ,... ,vr f . In Case 2, let D be a central simple K-algebra with an involution α of the second kind. We suppose that D is split at all places over v 1 , . . . , v r (which are w 1 , w 1 , . . . , w r , w r ), and that we are given an identification of (D, α) ⊗ F F v with (D int , α int ) ⊗ F F v at the other finite places v of F . Moreover we assume that α is definite at all the infinite places of K. Define an algebraic group G over F by G = GU (D, α), and let ν : G → G m be the F -morphism induced from the factor of similitudes. Also let Nm : G → Res K/F G m be the morphism induced from the norm map from D to K.
More precisely, the conjugation of K over F induces an isomorphism K w i ≃ K w i and α (respectively α int ) induces a compatible isomorphism of algebras
opp ). Viewing all the above isomorphisms as identifications, the decompositions (1) above become
We can then view
In both cases, fix for each i a central division algebra D w i over K w i of invariant 1/d (= 1/2 in Case 1). We then have that 
Recall that the analytic space ( [Ber] ) Ω L is obtained by removing all rational hyperplanes from P
This is an E v -analytic space with an E v -rational action of the group
For a compact open subgroup S ⊂ G ′ , the E v -analytic space (Ω × (S\G ′ ))/G(F ) algebraizes canonically to a scheme X S over E v . The inverse limit of X S over such S's is a scheme X over E v with an E v -rational action by G ′ × Z r . A special case of the main result of [Va2] is the following Theorem 2.1. Under conditions 1 and 2 above, there exists a
The connected component
A description of the set of connected components of a Shimura variety, with the Galois action, is known in general (see [De1, 2.1.3 .1]). We need an explicit form of this description in our case(s). For this it is simpler to use the p-adic uniformization, essentially repeating the standard argument there.
Define a torus over F by M = G/G der . In Case 1, ν induces an isomorphism M ≃ G m /F ; in Case 2, Nm ×ν induces an isomorphism of M with the torus over F defined by
, and therefore we can and will make the identification
Using the decomposition (1), the quotient map
Since the derived group G der is a form of SL 2 in the first case and SU d in the second case, it is simply connected. Using Hasse principle, combined with vanishing of cohomology of p-adic groups, and a local archimedean calculation, we get that the image of G in M is 
The two Galois actions are obviously related: the Gal(E v /E v )-action factors through Gal(K
, and 
in Case 2. Now fix some embedding of each K
embeds as a dense subset preserved by the G-action (through the w i -valuation of the norm). Using (3), we get an
as a dense subset, compatible with the M + -action (through the K w i -component). Hence
using the weak approximation at the infinite places to get the last isomorphism. Of course this agrees with Deligne's general description cited above, but now we see that 
Local points of twisted Mumford quotients
In this section only we change our notation, and let F be a finite extension field of Q p . Let d ≥ 2 be an integer, and let Γ ⊂ GL d (F ) be a subgroup. Set ZΓ := Γ ∩ Z(GL d (F )), and for every subgroup ∆ ⊂ Γ containing ZΓ, we will write P ∆ instead of ∆/ZΓ. Assume that:
A) the closure of Γ has a finite covolume in
Then Γ ′ is a normal subgroup of Γ containing ZΓ, and Γ/Γ ′ is cyclic of order dk/k + . For every subgroup ∆ ⊂ Γ we denote by ∆ ′ the intersection of ∆ with Γ ′ .
F . Then X and X ′ are projective and geometrically connected varieties over F (k + ) and F respectively, and
Let L be any finite extension of F (k + ) , and let e = e(L/F (k + ) ) and f = f (L/F (k + ) ) be the ramification and the inertia degrees of L over
The converse of a) holds if we assume in addition either that d is prime or that d|ef k + . In particular, the converse of a) holds if P Γ ′ is torsion-free.
Observe that conditions (ii) and (iii) of the theorem can be restated as (ii
. This yields the following description of X L :
where Γ 1 is the stabilizer in Γ of any (and hence of each) connected component of
The quotient Γ 1 /Γ ′ is cyclic of order d ′ , generated by the projection of any element
These considerations prove the following
We return to the proof of the Theorem: a) Assume that X(L) = ∅, and let P be as in the lemma. Set ∆ : (ii) By Lemma 4.1, the existence of P forces ∆ to contain an element from γ 0 Γ ′ . Since ∆ ⊃ ZΓ, the statement follows.
(iii) Let δ 0 be an element from γ 0 Γ ′ ∩ ∆ ⊂ Γ 1 . Multiplying δ 0 by an element of ZΓ we may and will assume that val
′ . Let n be the order of the image of δ 0 in P ∆, and let
′ be the field of rationality of P (corresponding by Galois theory to the stabilizer H ⊂ Gal(L/L) of P ). Then for every σ ∈ Gal(L/L) and every τ ∈ H we have
. This degree is equal to the number of conjugates of
form a homogeneous space for the action of the group ∆ ′ /ZΓ, hence the number of conjugates divides the order of ∆ ′ /ZΓ, which is m. This completes the proof of part a).
b) We will show the existence of local points by a case-by-case analysis. I) Assume first that d|ef k + or, equivalently, that d ′ |ek. Let δ 0 , n and a be as in the proof of iii) in a). It will suffice us to show that there exists a point
In fact, let w ∈ F n be a row vector such that wBv = 0. Since w and v are L-rational, we get wCv = 0 for every matrix C ∈ W . In particular, we have wv ′ = wB ′ v = 0. By our choice of v ′ , the vector w is therefore the trivial vector, so that
, n and a be as above.
We claim that for every field extension L/F whose ramification degree e( L/F ) is prime
is a totally ramified field extension of L of degree d. Indeed, since the minimal polynomial of δ 0 divides x n − a, the algebra L 0 is either a field or a direct sum of fields. Let L ′ 0 be one of the direct factors of L 0 , and let δ
It follows from our assumption that d 2 divides the order of P ∆. We distinguish two cases: i) d 2 |n and ii) d 2 does not divide n. Case i) We will prove that there is a cyclic extension M/L of degree n, whose ram-
, contradicting the fact that δ 0 has an order n modulo center.
The group
Letā andπ be the images in A of a and of some uniformizer of L respectively, and set
where by π (resp. ā ) we denote the cyclic subgroup generated bȳ π (resp.ā). Indeed, using the fact that d t−1 | val L (a) and that a is not a d th power in L, we first see that that cyclic subgroups π and ā have a trivial intersection. Put
It remains to show that ā′ is a direct summand in A ′ , or equivalently that a ′ is not a d th power. As d| val L (a) and a is not a d th power in L, the statement follows. Now we can take
As in the previous case, it will suffice to find a point P ∈ Ω d F (M) such that δ 0 (P ) = σ(P ). Let λ be an element of M such that Nm M/L (λ) = a. As before, there exists
, so it remains to show that some Bv does not lie in an F -rational hyperplane. In fact, suppose that wBv = 0 for some row vector w ∈ F d . Since σ(Bv) = λ −1 δ 0 Bv, it follows that wδ i 0 Bv = 0 for all i. Since the minimal polynomial of δ 0 has degree d, we get that for a generic v the vectors δ
For such a v we therefore get w = 0, as claimed.
Case ii) Letδ 0 be the image of δ n/d 0 in P ∆, and let ∆ d be a d-Sylow subgroup of P ∆ containingδ 0 . By our assumptions,
Taking the determinants we see that b d = 1. We claim that b = 1. In fact, if b would equal to 1, then δ 1 would belong to the centralizer of δ 0 in Mat d (F ), which is F (δ 0 ). Since F (δ 0 ) is a totally ramified extension of F , the only elements of F (δ 0 )
× whose d th power is in F × are of the form c(δ 0 ) i for some c ∈ F × and some i. But then we getδ 1 = (δ 0 ) i , contradicting to our assumptions. Hence b is a primitive d th root of unity. The characteristic polynomial of δ 0 is irreducible over F , therefore δ 0 has d distinct eigenvectors V 1 , ...V d (conjugate over F ). They correspond to d conjugate fixed points
To finish the proof of the theorem it will suffice to show that the cyclic group generated byδ 1 acts simply-transitively on the P i 's.
Let λ 1 , ...λ d be the eigenvalues of δ 0 , corresponding the
Remarks 4.2. a) By similar analysis, we can show that converse of a) holds in some more cases, but we don't know whether it holds in general. b) We suspect that there should be a simpler "topological" proof of Theorem 4.1, which uses the fact that the Bruhat-Tits building of PGL d (F ) can be naturally embedded into (Berkovich' 
c) The curve case of Theorem 4.1 was studied in [JL1] , and generalizing these results to the higher dimensional case is one of our aims here -see also the next section. It is in fact possible to obtain our results here through a generalization of the method of loc. cit., namely an analysis of the special fiber and the resolution of its singularities. Proof. Since val F (det(ZΓ)) = dkZ, the corollary follows immediately from the theorem.
Local Points on Shimura Curves
We shall now specialize to the case of curves, which is Case 1 of Section 2 with r = 1. We restrict the level at the prime P of F corresponding to v 1 by taking a compact open subgroup S of G = G ′ and considering a geometrically connected component X of S\X int,p . By Theorem 3.1, X is defined over F
for some g ∈ G, where we write Γ(T ) instead of T ∩ G(F ). We also restrict the level away from P by assuming that (*) the norm of S and its intersection with the center agree as subgroups of (A P f ) × .
Our restriction of the level at P means that the level (of G int ) at P is the maximal compact subgroup compact modulo the center. (Some cases of larger level subgroups at P are discussed in [JL3] , and a little bit is known about the simplest case of smaller level at P ( [Tei] ), but further information seems to be required to handle the general case.) Assumption (*), on the other hand, is mainly for convenience.
In the notation of Section 3, T = Nm S(= Z P f ∩ S), and 
Here α takes the P-component, α ′ takes the P-component of the norm, and β, β ′ are the natural maps. The exactness is routine, and left to the reader.
We can now apply the results of Section 4. As d = 2, we have two possibilities: either k + = k, in which case X is the quadratic unramified twist of X ′ by w p (= the image of γ 0 in Aut X ′ ) or k + = 2k in which case X ≃ X ′ . In the latter case we will say that X is Mumford-uniformized , even though strictly speaking X, X ′ are obtained from a variety which is Mumford-uniformized over F by extending scalars to F (k + ) . For a finite set W of finite primes = P of F , we denote by K(W ) the principal congruence subgroup of (squarefree) level Q∈W Q in G P f . We will now show that for a "sufficiently small" S we have k + = k: Proposition 5.2. Let W 1 be a finite set of primes of F . Then there exists a finite set W 2 of finite primes of F , disjoint from W 1 ∪ { P }, such that k + = k for any open subgroup S ⊂ K(W 2 ).
Proof. By the Unit Theorem, we have
F,P whose classes modulo squares are a basis for the F 2 -vector space
2 . A routine application of Chebotarev's Theorem shows that there are primes Q i , 0 ≤ i ≤ g, not in W 1 ∪{ P }, such that ǫ i has a non-square residue modulo Q j if and only if i = j. Put
2 , so a fortiori ZΓ(S) = Nm Γ(S). The Proposition follows.
Remarks 5.3. 1. It follows from the proof that for S ⊂ K(W 2 ) as above, the P-adic valuation of each x ∈ ZΓ(S) is even, hence k + = k is even. 2. The Proposition can be strengthened in several ways. If ǫ 1 , . . . , ǫ h are in the subgroup O + F,P of the totally positive elements of O × F,P and generate it modulo squares, it suffices to take W 2 = { Q i }, h < i ≤ g. It is also possible to choose W 2 in a set of positive density (with the obvious definition of positive density here), not merely to avoid W 1 ∪ { P }. In addition, if the primes of W 1 ∪ { P } are all prime to 2, one can replace K(W 2 ) by an open subgroup of G P f whose level divides some power of 2. We shall not need these facts in the sequel. 3. The Proposition and its proof clearly generalize from d = 2 to any d.
We will need the following Lemma 5.4. Let γ ∈ GL 2 (F P ) has finite order modulo the center and suppose that val P det γ is odd. Then γ reverses a unique edge e γ of the Bruhat-Tits tree B 2 F . Proof. The subgroup of PGL 2 (F P ) generated by γ is contained in a maximal compact subgroup, hence it fixes a vertex or an edge. Since γ moves each vertex to an odd distance, it cannot fix any vertex, hence must reverse a unique edge. Proof. Since d = 2 is a prime, part a) follows immediately from Theorem 4.1 by taking ∆ = ZΓ. To deduce part b), suppose first X(L) = ∅. Then the subgroup P ∆ of Theorem 4.1 contains an element γ as needed, and either ek is even or P ∆ ′ has even order. But if ek is odd, then P ∆ ′ is precisely the stabilizer of e γ as an oriented edge. Conversely, if ek is even let ∆ be the subgroup of P Γ generated by γ; and if ek is odd let ∆ be the stabilizer in Γ of the unoriented edge e γ , defined in Lemma 5.4. Then it is immediate that ∆ has the properties required in Theorem 4.1, so X(L) = ∅.
If S is small enough, then P Γ(S) is torsion free. If S moreover satisfies the condition of Proposition 5.2, we shall say we are in the asymptotic case. It then follows from the Theorem that If we only assume that P Γ ′ (S) is torsion free, the Theorem has the following Corollary 5.6. If P Γ ′ (S) is torsion free, then X(L) = ∅ if and only if k + = k, f is odd, and either ek is also odd or P Γ(S) is torsion free.
Proof. By the theorem, we may assume that k + = k, that f is odd and that P Γ(S) has a torsion. It remains to show that X(L) = ∅ if and only if ek is odd. Assume first that ek is odd. As P Γ ′ (S) is torsion free, no non-trivial element of P Γ(S) stabilize an oriented edge, so we get X(L) = ∅. Assume now that ek is even. Let γ ′ ∈ Γ be any torsion moduli center element. Since P Γ ′ (S) is torsion free, val P det γ ′ ≡ k (mod 2k). Therefore modifying γ by an element from ZΓ(S), we get an element γ with val P det γ = k, as claimed.
At the other extreme, we can pin down the situation rather precisely when X(L) = ∅ and f ek + is odd (so that k = k + ). This will require two lemmas, which we state in slightly more general form than necessary.
For an n th root ζ of 1, let Q(ζ) + be the maximal totally real subfield of the field Q(ζ) of n th roots of 1. Then we have the following
Lemma 5.7. Let ζ be a primitive n th root of 1, with n > 2. Let Q + be a prime ideal of
Otherwise this valuation is 0.
Proof. Let A be the positive integer Nm Q(ζ)/Q (1 + ζ). We claim that A = ℓ if n = 2ℓ r for a prime ℓ, and A = 1 otherwise. Indeed, write n = 2 r t with t odd and r ≥ 0. If r = 0 then A = 1 because Nm Q(ζ)/Q (1 − ζ) = Nm Q(ζ)/Q (1 − ζ 2 ). For any u, let Φ u denote the u th cyclotomic polynomial. If r = 1 then A = η (1 − η), where η goes over all primitive t th roots of 1, so A = Φ t (1). Then if t is a power of a prime ℓ, we have Φ t (x) = (x t − 1)/(x t/ℓ − 1) = x (ℓ−1)t/ℓ + · · · + 1, so A = ℓ; else t = t ′ t ′′ with t ′ , t ′′ odd and relatively prime. Then Φ t (x) divides Q(x) = (x (t ′ −1)t ′′ + · · · + 1)/(x t ′ −1 + · · · + 1), so A|Q(1) = 1. Similarly, if r ≥ 2, then A = Φ n (1). Then if t = 1, we have Φ n (x) = (x n/2 + 1), so A = 2, whereas if t > 1, then Φ n (x) divides Q(x) = Φ 2 r (x t )/Φ 2 r (x) = (x n/2 + 1)/(x 2 r−1 + 1), so A|Q(1) = 1. This proves our claim in all cases. The Lemma is now immediate if n = 2q r , r > 0. Else, recall that 1 + ζ is a uniformizer for the (totally ramified) prime Q of Q(ζ) above q and Q + . Then val Q + (1 + ζ)(1 + ζ) = val Q (1 + ζ) = 1, proving the Lemma.
Assume that k + = k, and let γ be as in Theorem 5.5. Then F (γ) is a CM extension of F , since it splits the definite algebra B and is = F . Then Nm γ is a (totally positive) generator of P k . Writing Nm for Nm K/F for a quadratic extension K of F is unambiguous, because Nm K/F and the reduced norm of B agree for any F -embedding of K into B. Likewise we let x denote both the main involution of B and the (complex) conjugate of any element x ∈ K ⊂ B.
Lemma 5.8. Let F (γ) be a (quadratic) CM extension of F , such that some power γ m is in F , with m (> 1) minimal. Suppose that Nm γ generates a power P k , k > 0, of a prime ideal P of F , of residue characteristic p. Set ζ = γ/γ. Then γ is an integer of F (γ), ζ is a primitive m th root of 1, and if m is even, then γ m is totally negative. Moreover,
Proof. γ is an algebraic integer since its power is. The order of ζ is the the smallest positive integet n such that γ n = γ n or equivalently that γ n ∈ F . Thus n = m, as claimed. If m is even, then ζ m/2 = −1. Hence γ m = −γ m/2 γ −m/2 = − Nm γ m/2 is totally negative as asserted, and we also get (i). For (ii), define s = γγ/(γ + γ), which makes sense since γ = −γ. Then γ = s(1 + ζ) as asserted.
Remark 5.9. s need not belong to O × F,P : take F = Q( √ 6 ), P = (3, √ 6 ), and γ = √ 6(1 + √ −1 )/2. Then m = 4, and γ = √ 3ζ 8 , but √ 6/2 is not in O × F,P . Let t(F ) be the maximal integer such that the maximal totally real subfield Q(ζ 2 t(F ) ) + of Q(ζ 2 t(F ) ) is a subfield of F . Then t(F ) ≥ 2. Let τ be the unique prime of Q(ζ 2 t(F ) ) + lying (and totally ramified) above 2. We now have the following (a) P lies above τ with odd ramification index e(P/τ ), and there exists an element γ
, of order 2 modulo the center, such that val P Nm(γ ′ ) = k, val P Nm(α) = 0, and αγ = −γα.
Proof. Suppose first that (a) or (b) hold. Lemma 5.1 and the fact that f is odd enable us to modify γ ′ by a central element in ZΓ(S) and hence to replace it by and element γ with the same order modulo the center and such that val P Nm(γ) = f k + . Since f k + is odd, γ reverses an edge. The stabilizer H of this edge contains γ 2 in case (a), and α in case (b). Hence its order |H| is even in either case. By Theorem 5.5, X(L) = ∅.
Conversely, if X(L) = ∅ let γ be as in Theorem 5.5. Then an odd power of γ is of order 2 t , t ≥ 1, modulo the center. Modifying this power by a central element of Γ(S) we get an element γ 1 , of order 2 t modulo the center, such that val P Nm γ 1 = f k + . We now replace γ by γ 1 . The new γ has the same fixed edge d ′ as before, and satisfies the properties of Theorem 5.5, and its order modulo the center is m = 2 t . Suppose first t = 1. Theorem 5.5 gives an element β ∈ H, of order 2 modulo the center. Let A be the subgroup of P Γ(S) generated by the images β and γ of β and γ. Since A acts discretely on B 2 F fixing the unoriented edge { d ′ , d ′ }, it is a finite group. Since A is generated by 2 involutions it is a dihedral group, and the cyclic subgroup A 0 generated by βγ is of index 2. Also ℓ = |A 0 | is even, because A has another subgroup A 1 = A 0 of index 2, namely the elements of A fixing d ′ . Hence the group generated by γ and α, where α = (βγ) ℓ/2 , is a non-cyclic group of order 4. Replacing α by αγ if necessary, we may assume that αd ′ = d ′ . In Γ(S) ⊂ B × this implies that α 2 and γ 2 are in F × , that α is in Γ ′ (S), and that γα = uαγ for some u ∈ F × . Taking norms (to F ) we see that Nm B/F u = u 2 = 1, so that u = ±1. However u = 1 is impossible, since in this case α and γ would generate a commutative subgroup of GL 2 (C) whose image modulo the center is finite and non-cyclic, which cannot happen. This gives case (b) of the Proposition. Suppose next t ≥ 2. By Lemma 5.8, γ = s(1 + ζ 2 t ) and F (γ) = F (ζ 2 t ), so that F must contain F 0 = Q(ζ 2 t ) + . Then Nm γ = s 2 θ where θ = (1 + ζ 2 t )(1 + ζ 2 t ) generates the unique prime τ 0 of F 0 , lying over 2. By Lemma 5.7, we get f k + = val P s 2 θ ≡ e(P/τ 0 ) val τ 0 θ = e(P/τ 0 ) (mod 2).
This shows that e(P/τ 0 ) is odd. Finally we check that t = t(F ). From its definition t ≤ t(F ); but if t(F ) ≥ t + 1 then e(P/τ 0 ) would be divisible by the ramification index of τ 0 in Q(ζ 2 t+1 ) + , which is 2, contradicting the fact that e(P/τ 0 ) is odd. Hence t = t(F ), concluding the proof of the Proposition.
Remark 5.11. In case (b) above, the isomorphism type of the quaternion algebras B and B int is almost forced. Indeed, for a 1 , a 2 ∈ F × let B(a 1 , a 2 ) denote the quaternion algebra over F with basis 1,î,,k satisfyingî 2 = a 1 , 2 = a 2 , andk =î = −î. Then B(a 1 , a 2 ) is ramified at a place v of F if and only if the Hilbert symbol (a 1 , a 2 ) v is −1. In case (b) we have B ≃ B(− Nm γ, − Nm α), so that B, in addition to being totally definite, is unramified away from primes above 2 (we know it is unramified at P). For example, if F = Q we get that B ≃ H = B(−1, −1), the Hamilton quaternions over Q; if F is (real) quadratic, then B is isomorphic to the base change of H to F , or is "the" totally definite algebra of discriminant 1 (or both). It is clear, however, that matters can get complicated when F has many primes above 2.
Some special cases
Let X be as before a geometrically connected component of S\X int,p . We assume throughout this section that we are in the curve case. Then for certain classes of examples we will determine the deficient local fields for X in the sense of [JL1] , namely those local fields L containing the field of definition of X for which X(L) = ∅. In what follows we shall make the following assumption (Max) S is a maximal compact subgroup of G = G ′ .
All such S's are conjugate in G. In fact they are the units of
The conjugacy classes of the M int 's in B int and of the M's in B are classified by appropriate quotients of Cl(F )/2 Cl(F ): (See e. g. [CF, Section 3] for the case of the M int 's). To avoid complications we shall therefore add the following assumption:
The narrow class number h + (F ) is odd.
We list some consequences of Assumption (Odd) in the following Proof. Though the proof is straightforward, we will sketch it for the convenience of the reader. Our assumption (Odd) is equivalent to the decomposition implying (a) . (b) now follows from (a) together with the fact that {−ǫ 1 , . . . , −ǫ g } form a basis of the
Using strong approximation theorem together with (an analog of) (4), we get that
where G int (F ) + = B int + , and similarly for G. This decomposition immediately implies part (d) and reduces the remaining parts to the corresponding local statemnts, which are clear.
Let X be a connected component of S\X int,p . The field of definition F ′ of X is a Hilbert class field of F . Hence F ′ is an abelian extension of F of odd degree. In particular, it is totally real. X has good reduction at all the (finite) primes of F which do not divide Disc B int . As in [JL1] , the question of existence of local points can be settled in such cases via the trace formula and Hensel's lemma. In [Shi] Shimura had settled the case of real points. His general results specialize in our case to the following Proposition 6.2. Let ∞ be a place of 
Proof. For the convenience of the reader and for comparison with the case of a finite prime v| Disc B, we shall briefly sketch the proof. The theorem on conjugation of Shimura varieties allows us to assume that B int splits at ∞ i . Putting H = C R we then get, using Lemma 6.
In this case, γ 2 (x) = x, hence some power γ k of γ is central. Also det γ < 0, so 
Proof. We will check that our conditions (a) and (b) are equivalent to the corresponding conditions of Proposition 5.10. The equivalence of conditions (b) follows from Remark 5.11 and Lemma 6.1 (b). Since t(F ) ≥ 2, Lemma 5.8 (ii) implies that our condition (a) follows from that of Proposition 5.10.
Finally assume our assumption (a) and choose an embedding of F (ζ 2 t(F ) ) into B. Observe that γ := 1 + ζ 2 t(F ) is an algebraic integer such that Nm γ ∈ O × F,P . Lemma 6.1 (c) implies that some conjugate γ ′′ of γ belongs to Γ(S). By Lemma 5.8, γ ′′ is of order 2 t(F ) modulo the center, and by Lemma 5.7,
is odd. Hence using Lemma 5.1 we can modify γ ′′ by an element of ZΓ(S) to get an element γ ′ satisfying val P Nm(γ ′ ) = k.
Evenness of jacobians of Shimura curves
In [PS] Poonen and Stoll defined a dichotomy of principally polarized abelian varieties over a number field E into even and odd cases. When the abelian variety is a jacobian of a curve C/E they gave a criterion for the evenness in terms of C. Keeping assumptions (Max) and (Odd), let X be a component of an appropriate Shimura curve. The methods of [JL2] carry as are to our context. We will call a prime of F relevant if it is either infinite of divides Disc B int . As in [PS, Theorem 23] it follows from Corollary 10 there that the jacobian of X is even unless the genus of X is even and the number of relevant deficient primes for X is odd. We shall prove the following (ii) The number of finite relevant deficient primes of X is even if and only if (−1, −π) F Q = 1 for Q = P and for all Q of residue characteristic 2.
Proof. As F
′ is an abelian extension of F of odd degree, the number of primes ∞ ′ 1 , ∞ ′ 2 , and P ′ of F ′ above each of ∞ 1 , ∞ 2 , and P is odd and they are deficient simultaneously. For the infinite primes, the fields F ( √ ǫ i ) are unramified at P since P is odd. By Proposition 6.2, the number of deficient infinite primes is even if and only if P is split in both or inert in both these fields. This happens if and only if −1 P = ǫ 1 P ǫ 2 P = 1, which is equivalent to (−1, −π) F P = 1, as k + and P are odd.
For (ii) notice as before that only case (b) of Proposition 6.3 can happen since P is odd. Thus the number of finite relevant deficient primes of X is even if and only if the quaternion algebra B(−1, −π) splits at all the finite places of F . The assertion now follows from Remark 5.11. Proof. (a) The condition on m means that the rational prime 2 is inert in F . By the product formula, (−1, −π) F P = (−1, −π) F 2 , so the assertion follows. (b) Since p is inert in F then without loss of generality π = p k + . Also −1 is a square in F p = F P , so (−1, −π) F P = 1. By the proposition, the number of infinite deficient primes is even. Now let λ be a prime of F above 2. As 2 splits in F and k + is odd, we get (−1, −π) F λ = (−1, −p) Q 2 = (−1, −p) R (−1, −p) Qp = −1, and the claim follows from the Proposition.
We now prove Theorem 7.1. The discriminant of B int is a product of an odd number r of finite primes of F . By Lemma 6.1 (e), the group W ≃ (Z/2Z) r acts naturally on X. The stabilizer of a point x ∈ H in W must be cyclic, hence trivial or of order 2. Let n be the number of points of X fixed by a nontrivial element of W . Then the genera g(X) and g(X/W ) of X and of X/W are related by 2 − 2g(X) = |W |(2 − 2g(X/W )) − n |W |/2.
Hence if r ≥ 3 it follows that 4|2 − 2g(X) so that g(X) is odd and the jacobian Jac(X) is certainly even. Now assume r = 1 so that Disc B int = P for a prime P of F of residual characteristic p. By genus theory ( [BSh, Ch. 3.8, Cor.] ), Assumption (Odd) forces F = Q( √ m ) for a prime m which is either 2 or ≡ 1 (mod 4). The case m = 2 is excluded by our assumption. If the genus of X is odd, there is nothing to prove. Else we must be in either case 1.(a) or 1.(b)(i) of [Sad, Theorem 1.1] .
In the first of these cases m ≡ 5 mod 12 so that 3 is inert in F and P = 3O F . Then (−1, −3) P = 1, so that the number of deficient infinite primes is even. We need therefore to show that the number of relevant deficient finite primes is even as well; equivalently, by Proposition 7.2, that (−1, −3) Q = 1 for all finite primes Q of residue characteristic 2. Set (−1, −3) 2 = Q (−1, −3) Q , where the product is over Q of residue characteristic 2. By the product formula (−1, −3) 2 = 1, so that if 2 is inert we are done. If 2 is split (the only case left), then for a prime Q above 2 we have F Q = Q 2 , so that In the other case, m ≡ 5 (mod 8), so corollary 7(a) shows that the number of relevant deficient primes is even, concluding the proof of the Theorem.
